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For a subgroup H of an alternating or symmetric group G , we
consider the Möbius number μ(H,G) of H in the subgroup lattice
of G . Let bm(G) be the number of subgroups H of G of index m
with μ(H,G) = 0. We prove that there exist two absolute constants
α and β such that for any alternating or symmetric group G , any
subgroup H of G and any positive integer m we have bm(G)mα
and |μ(H,G)| |G : H |β .
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Introduction
We may deﬁne the Möbius function μ(H,G) in the lattice of the open subgroups of a ﬁnitely
generated proﬁnite group G by the rules: μ(G,G) = 1 and ∑KH μ(K ,G) = 0 if H < G. In [7] and [8]
Mann conjectured that in a positively ﬁnitely generated proﬁnite group G , the invariant |μ(H,G)| is
bounded by a polynomial function in the index of H and the number bn(G) of subgroups H of index n
satisfying μ(H,G) = 0 grows at most polynomially in n. These would imply that in any positively





is absolutely convergent in some half complex plane and represents in the domain of convergence an
analytic function which precisely expresses the probability of generating G with k elements when it is
computed on any large enough positive integer k. In [6] it is proved that this problem can be reduced
to the study of the Möbius function on the subgroup lattice of the groups in Λ(G), where Λ(G) is the
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an epimorphic image of G . More precisely, denoting by b∗n(L) the number of subgroups K of L with|L : K | = n, K soc L = L and μ(K , L) = 0, the following holds [6, Theorem 2]: there exist two constants
γ1 and γ2 such that bn(G) nγ1 and |μ(H,G)| |G : H|γ2 for each n ∈ N and each open subgroup H
of G if and only if there exist two constants c1 and c2 such that b∗n(L) nc1 and |μ(X, L)| |L : X |c2
for each L ∈ Λ(G), each n ∈ N and each X  L with L = X soc L.
This means that Mann’s conjecture is true if the following holds.
Conjecture 1. For any positive integer d there exists a constant cd such that: if L is a d-generated ﬁnite group
with a unique minimal normal subgroup and soc L is nonabelian, then b∗n(L) ncd and |μ(X, L)| |L : X |cd
for each n ∈ N and each X  L with L = X soc L.
Since any almost simple group can be generated with at most 3 elements, the previous conjecture
implies in particular:
Conjecture 2. There exist two constants c1 and c2 such that for any almost simple group G we have:
|μ(H,G)| |G : H|c1 for each H  G with G = H socG and b∗n(G) nc2 for each n ∈ N.
In this paper we prove that Conjecture 2 is true when G ∈ {Alt(n),Sym(n)}.
Theorem 1. There exists an absolute constant α such that for any n ∈ N, if G ∈ {Alt(n),Sym(n)} and m ∈ N,
then bm(G)mα .
Theorem 2. There exists an absolute constant β such that for any n ∈ N, if G ∈ {Alt(n),Sym(n)} and H  G,
then |μ(H,G)| |G : H|β .
By [12, Theorem 4.2], if G ∈ {Alt(n),Sym(n)} then G contains at least 2γn2 different subgroups,
for a suitable constant γ independent from n. On the other hand, by Theorem 1, G contains∑
m|G| bm(G) (n!)α+1 subgroups with non-zero Möbius number. This implies:
Corollary 1. Let G ∈ {Alt(n),Sym(n)} and let H  G. The probability that μ(H,G) = 0 tends to 0 as n tends
to inﬁnity.
A key ingredient in the proofs of our results is a consequence of Crapo’s Closure Theorem. It turns
out (see in particular Lemma 1.4) that if G is a transitive permutation group on a set Γ , then in
order to bound the number of subgroups H with μ(H,G) = 0 and to estimate |μ(H,G)| it suﬃces to
obtain:
(1) similar bounds for the particular case when H is transitive;
(2) estimations on the number of subgroups of G that are maximal with respect to the property of
admitting a certain set of orbits (Γ -closed subgroups) and bounds for the number of orbits of a
Γ -closed subgroup H in terms of the index |G : H|.
When G ∈ {Alt(n),Sym(n)}, the second task is easy, since a closed subgroup is conjugate to (Sym(n1)×
· · ·× Sym(nr))∩ G for some ni ’s with n1 +· · ·+nr = n. The ﬁrst task can be performed by considering
the action of G on the set n = {(a,b) | 1  a,b  n, a = b}, as suggested by Kenneth M. Monks in
his talk at Groups St. Andrews Conference 2009. In this way it suﬃces to collect information about
the Möbius numbers of the n-transitive subgroups of G (but these are precisely the 2-transitive
subgroups of G) and to study how many transitive subgroups of G are n-closed.
We employ in our proofs the classiﬁcation of the 2-transitive permutation groups and other
asymptotic results on the numbers of subgroups of Sym(n) which have been proved with the help
of the classiﬁcation of the ﬁnite nonabelian simple groups.
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Let P be a ﬁnite poset. The Möbius function μP : P × P → Z is deﬁned as follows: μP (x, y) = 0
unless x y, when it is deﬁned recursively by the equations:
μP (y, y) = 1 and
∑
xzy
μP (z, y) = 0 when x < y.
The following is well known.
Lemma 1.1. If x y then μP (x, y) is equal to the difference between the number of chains of subgroups from
x to y of even length, and the number of such chains of odd length.
Two well-known results will play a relevant role in our discussion. One is the Möbius inversion




μP (x, y)g(x) for all y ∈ P .
The other is Crapo’s Closure Theorem. A closure on P is a function ¯ : P → P satisfying the following
three conditions:
(a) x x¯ for all x ∈ P ;
(b) if x, y ∈ P with x y, then x¯ y¯;
(c) ¯¯x = x¯ for all x ∈ P .
If ¯ is a closure map on P , then P = {x ∈ P | x¯ = x} is a poset with order induced by the order on P .
We have:
Theorem 1.2 (Crapo’s Closure Theorem). (See [2].) Let P be a ﬁnite poset and let ¯ : P → P be a closure map.
Fix x, y ∈ P such that y ∈ P . Then
∑
z¯=y
μP (x, z) =
{
μP (x, y) if x = x¯,
0 otherwise.
Denote by L(G) the subgroup lattice of a ﬁnite group G; notice that if H  K  G then
μL(G)(H, K ) = μL(K )(H, K ). From now on, for sake of simplicity, we will write μ(H, K ) instead of
μL(K )(H, K ) whenever H is a subgroup of K . Recall also that μ(H, K ) = 0 only if H is an intersection
of maximal subgroups of K .
Assume now that G is a transitive permutation group on a ﬁnite set Γ. A closure function on the
subgroup lattice L(G) can be deﬁned in the following way:
Deﬁnition 1.3. Let H  G and let τ = {Λ1, . . . ,Λk} be the set of orbits of H in its action on Γ . We
deﬁne H := (Sym(Λ1) × · · · × Sym(Λk)) ∩ G .
The set L(G) is a poset, with order induced by L(G); for any H ∈ L(G), we will write μ¯(H,G)
instead of μL(G)(H,G). It is worth noticing that in general L(H) = L(G)∩ L(H) when H is a transitive
subgroup of G .
Now let PΓ be the poset of all partitions of Γ , ordered by reﬁnement; the maximum 1ˆ of PΓ is
{Γ }. The orbit lattice of G is deﬁned as
PΓ (G) := {τ ∈ PΓ | the orbits of some H  G are the parts of τ }.
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deﬁne G(τ ) := (Sym(Λ1)×· · ·× Sym(Λk))∩G . Notice that G(τ ) is the maximal subgroup of G whose
orbits are precisely the parts of τ . We note that H ∈ L(G) if and only if there exists τ ∈ PΓ (G) with
H = G(τ ); hence there is a bijection between L(G) and PΓ (G). In particular
μ¯(H,G) = μPΓ (G)(τ , 1ˆ)
for any H = G(τ ) ∈ L(G).
If G = Sym(Γ ), then PΓ (G) = PΓ and the elements of L(G) are the subgroups Sym(Λ1) × · · · ×
Sym(Λk), for any partition {Λ1, . . . ,Λk} in PΓ . However if G = Alt(Γ ), we have PΓ (G) = PΓ . In fact
Alt(Γ ) does not contain any subgroup with |Γ | − 1 orbits on Γ. The closed subgroups of Alt(Γ ) are
of the form (Sym(Λ1) × · · · × Sym(Λk)) ∩ Alt(Γ ), for any {Λ1, . . . ,Λk} ∈ PΓ with k = |Γ | − 1.
For any subgroup H of our transitive permutation group G , let
S(H) := {K  G | K transitive on Γ, K  H} ⊆ L(G).
We deﬁne two functions f , g : L(G) × L(G) → Z in the following way
f (H, Y ) =
{
μ(H, Y ) if Y ∈ S(H),
0 otherwise,
g(H, Y ) =
{
μ¯(H, Y ) if Y ∈ S(H) and H is closed in L(Y ),
0 otherwise.
Applying the Crapo’s Closure Theorem, we obtain that for any X ∈ S(H) we have
∑
YX, Y∈S(H)
μ(H, Y ) =
{
μ¯(H, X) if H is closed in L(X),
0 otherwise.




f (H, Y )
and, by the Möbius inversion formula, for any Y ∈ S(H) we have
f (H, Y ) =
∑
XY , X∈S(H)
μ(X, Y )g(H, X).
Setting Y = G , we get:




μ(K ,G)g(H, K ).
So in particular |μ(H,G)|∑K∈S(H) |μ(K ,G)| · |g(H, K )|.
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alternating group Alt(n). In particular our bounds on the Möbius numbers will be achieved by col-
lecting together informations obtained by considering two different actions of G: the natural action
on the set In = {1, . . . ,n} and the action on the set n = {(a,b) | 1  a,b  n, a = b} deﬁned by
(a,b)g = (ag,bg).
In order to apply Lemma 1.4, we ﬁrst need to estimate |g(H, K )| for H  G and K ∈ S(H). Clearly
if K = H , then g(H, H) = 1; if K = H we prove the following theorem.
Theorem 1.5. Assume that G is a transitive permutation group on a set Γ and H  G. If K ∈ S(H) and K = H,
then
∣∣g(H, K )∣∣ (r!)2
2
where r is the number of orbits of H on Γ .
Proof. Recall that g(H, K ) = μ¯(H, K ) if H is closed in L(K ), and g(H, K ) = 0 otherwise. So we can
suppose that H is closed in L(K ); in particular, since H = K , the group H is not transitive on Γ . Let
σ = {Ω1, . . . ,Ωr} be the set of orbits of H on Γ , with r > 1. As we noticed above,
μ¯(H, K ) = μPΓ (K )(σ , 1ˆ).
By Lemma 1.1, |μPΓ (K )(σ , 1ˆ)| is bounded by the number of chains in PΓ (K ) connecting σ to the
partition {Γ } = 1ˆ. This number is obviously smaller or equal than the number ν of chains from σ
to 1ˆ in PΓ ; so we are going to calculate ν . The set V of all chains between σ and 1ˆ in PΓ can be
ordered by reﬁnement. We start computing the number of maximal chains in the poset V , then we
will estimate the number of chains contained in each maximal chain. Any maximal chain in V can
be constructed in the following way. We join together two parts of σ , obtaining a partition τ1 of PΓ ,
with r − 1 parts, that contains σ ; now we join two parts of τ1 and we have a new partition τ2, with
r − 2 parts, containing τ1. We can repeat this process until we have obtained a partition τr−2 with
two parts; then, joining these two parts, we have {Γ }. So a maximal chain has length r − 1. At step 1




possibilities for τ1; at step 2 we
have to choose two parts from r − 1 parts, and so we have (r−12 ) possibilities for τ2. So on, until step















= r!(r − 1)!
2r−1
maximal chains in V . Now we have to calculate the number of chains contained in each maximal
chain. Let C be a maximal chain in V ; then C is of the following form
σ = τ0 < τ1 < τ2 < · · · < τr−1 = {Γ }.
To obtain a subchain of C we may delete some elements τ j of C , with 1 j < r − 1, because σ and
τr−1 are ﬁxed. Then the number of subchains of C is equal to the number of subsets of {τ1, . . . , τr−2}
which is 2r−2. Each maximal chain has 2r−2 subchains, hence
ν  r!(r − 1)!
2r−1






It follows that |μ¯(H,G)| (r!)2/2. 
V. Colombo, A. Lucchini / Journal of Algebra 324 (2010) 2464–2474 2469In the remaining part of this section we will collect a series of results on permutations groups,
which will be used in the proofs of our main results.
Theorem 1.6. Suppose that G ∈ {Sym(n),Alt(n)} and let H be a 2-transitive subgroup of G. Then
|μ(H,G)| 1.
Proof. Clearly μSym(n)(Alt(n),Sym(n)) = −1, so we may assume that Alt(n)  H . We use the classiﬁ-
cation of 2-transitive permutation groups. If H is 2-transitive on In , then it is an aﬃne or an almost
simple subgroup of G and the possibilities are listed, for example, in [1], Tables 6.3 and 6.4. To prove
the result, it suﬃces to verify that there are at most two maximal subgroups of G containing H .
In fact, if this happens, μ(H,G) = 0 only if H is maximal in G or H is the intersection of the two
maximal subgroups containing H : μ(H,G) = −1 in the ﬁrst case, μ(H,G) = 1 in the second.
Let H be an aﬃne 2-transitive subgroup of G; in this case n = pm is a prime power and
soc(AGL(m, p))  H  AGL(m, p). Using [10, Proposition 6.2] and comparing Table 2 in [10] with
Table 6.3 of [1], we verify that H is not contained in any almost simple subgroup of G different
from Alt(n). Then H may be contained only in some aﬃne subgroup of G and in H Alt(n); moreover
AGL(m, p)∩G is the unique maximal aﬃne subgroup of G containing H . Hence there are at most two
maximal subgroups of G containing H .
Finally let H be an almost simple 2-transitive subgroup of G . By [10, Proposition 6.1] and
[1, Table 6.4], H is not contained in any aﬃne subgroup of G , but it may be contained in some
almost simple 2-transitive subgroup. However Tables III, IV, V, VI in [5] list all the possible inclu-
sions between almost simple primitive groups with different socles; we compare these tables with
Table 6.4 in [1] to determine the inclusions between almost simple 2-transitive proper subgroups of
G , with different socles. If n /∈ {11,12,24}, then no almost simple group K exists with H  K and
soc K /∈ {soc H,Alt(n)}, so if M is a maximal subgroup of G with H  M, then either M = Alt(n)
or M = NG(soc H). The following exceptional inclusions require more attention: (n, soc H, soc K ) ∈
{(11,PSL(2,11),M11), (12,PSL(2,11),M12), (12,M11,M12), (24,PSL(2,23),M24)}. But even in these
cases it turns out that there are at most two maximal subgroups of G containing H . 
Now we give a series of bounds for the indices of some subgroups of G ∈ {Alt(n),Sym(n)}. It turns
out that the order of a transitive subgroup of G is in general “small” with respect to |G|. First of all
we give a result on the primitive subgroups of G .
Lemma 1.7. Let G ∈ {Alt(n),Sym(n)}. If n is large enough and P is a primitive subgroup of G with Alt(n)  P ,
then |G : P |2  n!.
Proof. This follows from a result of Praeger and Saxl (see [11]): any primitive subgroup of Sym(n)
not containing Alt(n) has order smaller than or equal to 4n . 
For the index of imprimitive subgroups of G we have the following lower bound.
Lemma 1.8. There exists a constant σ ∈ R such that
|G : H| 2σn
for each n ∈ N and each imprimitive subgroup H of G ∈ {Alt(n),Sym(n)}.
Proof. If H has an imprimitive system of b blocks of cardinality a, then H  Sym(a)  Sym(b) and
|G : H| n!/(a!)bb! 2[(n+1)/2] when n 8, as it is noticed in the proof of [9, Lemma 2.1]. 
A stronger lower bound holds under additional hypotheses.
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|G : H|c  n!
for each n ∈ N and each imprimitive subgroup H of G ∈ {Alt(n),Sym(n)} which satisﬁes one of the following
conditions:
(1) a2  n, where a is the cardinality of a block;
(2) the permutation group induced on a block B by its setwise stabilizer in H is primitive and does not contain
Alt(B);
(3) the kernel of the action of H on the set of blocks has order at most (2a!)n/2a, where a is the cardinality of
a block.
Proof. Let B = {B1, . . . , Bb} be a set of blocks for H , with |B1| = a. Since H  Sym(a)  Sym(b), we
have |G : H|  n!/(a!)bb!. Moreover, as it is noticed in the proof of [9, Lemma 2.1], for a ﬁxed value
of n, the function n!/(a!)bb! increases when a decreases. So, in order to prove that the statement holds
if (1) is satisﬁed, it suﬃces to check that there exists c such that (n!)(1−1/c)  (a!)bb! when n is large
enough and a ∼ b ∼ √n; this follows easily by the Stirling approximation formula for n!. If (2) holds,
then H  P  Sym(b) with P a primitive subgroup of Sym(a) which does not contain Alt(a). By [11],
|P | 4a so |G : H| n!/(2 · 4n · b!). If (3) holds, then |G : H| n!/(2 · (2a!)b/2 · b!). In both these cases
the conclusion follows easily. 
Lemma 1.10. There exists a constant c such that for any transitive imprimitive subgroup H of G ∈
{Alt(n),Sym(n)} the following holds. Let B = {B1, . . . , Bb} be a set of blocks for H with minimal size, say a. If
|G : H|c < n! then a2 > n and the kernel of the action of H on B contains (Alt(a)b).
Proof. Suppose that |G : H|c < n!. We know from the previous lemma that a2 > n. Let P be the
primitive subgroup of Sym(a) induced on B1 by its setwise stabilizer in H ; let β : H → Sym(b) be the
permutation representation induced by the action of H on the set of blocks, and let J = β(H). Up
to permutation isomorphisms, we may identify H with a subgroup of the wreath product P  J , with
respect to its imprimitive action. In this identiﬁcation, kerβ = H ∩ Pb , with Pb being the base of this
wreath product. By Lemma 1.9, Alt(a) P . In particular this implies that either kerβ ∩ (Alt(a))b = 1
or kerβ ∩ (Alt(a))b is a subdirect product of (Alt(a)b), isomorphic to (Alt(a))d for some divisor d
of b. Therefore, if (Alt(a))b  kerβ, then |kerβ|  (a!/2)b/22b , but this, by Lemma 1.9, would imply
|G : H|c  n!, a contradiction. 
Lemma 1.11. Let T be a transitive subgroup of G ∈ {Alt(n),Sym(n)} and let t be the number of orbits of T on
the set n = {(a,b) | 1 a,b  n, a = b}. Then
|G : T | t!
2
.
Proof. The number of orbits t of T on n coincides with the number of orbits of X = StabT (1) in
its action on the set {2, . . . ,n}. Let Λ ⊆ {2, . . . ,n} be a set of representatives for these orbits and
consider K = Alt(Λ) ⊆ StabG(1). Since K ∩ X = 1, it must follow that |G : T | = |StabG(1) : StabT (1)|
|K | = t!/2. 
Proposition 1.12. Let G ∈ {Alt(n),Sym(n)} and let P be the set of partitions of n = {(a,b) | 1  a,b  n,
a = b} whose parts are the orbits of some transitive subgroup of G in its action on n. Then there exists δ,
independent from n, such that |P| (n!)δ for any n ∈ N.
Proof. Any transitive subgroup of G contains at least one minimally transitive subgroup. Fix a min-
imally transitive subgroup X of G and let {Ω1, . . . ,Ωr} be the set of orbits of X on n . Since X is
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of G containing X are unions of orbits of X , so there are at most r!  (n − 1)! possibilities for the
set of orbits on n of a subgroup of G containing X . By [12, Theorem 4.4], the number of minimally
transitive subgroups of G is at most (n!)ρ , for some absolute constant ρ, so the number of partitions
that we want to count is at most (n!)ρ(n − 1)!. 
2. Proof of Theorem 1
Lemma 2.1. Let G ∈ {Alt(n),Sym(n)} and let
C := {T  G ∣∣ T transitive, μ(T ,G) = 0}.
There exists d, independent from n, such that |C| (n!)d.
Proof. Let T ∈ C . Using Lemma 1.4 with respect to the transitive action of G on n = {(a,b) | 1 





with S(T ) = {R  G | R transitive on n, R  T }. Since μ(T ,G) = 0, there exists R ∈ S(T ) with
g(T , R) = 0. This means that T = R ∩ C , with C = T , the n-closure of T in G . Notice that R is
transitive on n , so in particular R is 2-transitive on In = {1, . . . ,n}. Therefore any T ∈ C can be
obtained as the intersection T = R ∩ C of a 2-transitive subgroup R of G and a n-closed transi-
tive subgroup of G . By Proposition 1.12, there are at most (n!)δ n-closed transitive subgroups in G .
Moreover (see [4, Corollary 8.2.]) the number of conjugacy classes of primitive groups of degree n
in Sym(n) is smaller than or equal to n
a logn√
log logn , with a ∈ N an absolute constant. Then there exists b
such that the number of 2-transitive subgroups of G is at most (n!)b . Hence we can conclude that
|C| (n!)δ+b. 
Lemma 2.2. Let G ∈ {Alt(n),Sym(n)} and let tm(G) be the number of transitive subgroups T of G with
|G : T | =m and μ(T ,G) = 0. Then there exists an absolute constant η ∈ N such that tm(G) mη for each
m ∈ N.
Proof. Let f = max{2, c}, where c is the constant which appears in the statement of Lemma 1.10. By
Lemma 2.1, if m f  n!, then tm(G) (n!)d m f d. Therefore, in order to conclude the proof, it suﬃces
to ﬁnd a polynomial bound for tm(G) which holds when m f < n!. Clearly tm(G)  1 if m  2, so we




∣∣ T is transitive, |G : T | =m, μ(T ,G) = 0}.
By Lemmas 1.7 and 1.10, if T ∈ Dm, then T is imprimitive and, up to conjugacy in Sym(n),
N = (Alt(a))b  T  Sym(a)  Sym(b)
with 1 < b <
√
n < a < n and ab = n. Since N  T and Sym(a) = Alt(a)〈(1,2)〉, we have T = NX with
X  〈(1,2)〉  Sym(b). Notice that X  〈(1,2)〉  Sym(b) can be viewed as a subgroup of Sym(2b) and
recall [12, Theorem 4.2] that Sym(2b) contains at most 24c1b
2
different subgroups for some absolute
constant c1. Summarizing, we have at most
√
n possibilities for b and, for a ﬁxed b, at most 24c1b
2
choices for X and, consequently, for T up to conjugacy in Sym(n). Moreover the number of conjugates
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2m
√
n24c1n mc2 for a suitable c2, since, by Lemma 1.8, m 2σn . 
We prove now that the number of closed subgroups of G of index m can be bounded by a poly-
nomial function of m.
Lemma 2.3. Let G ∈ {Alt(n),Sym(n)} and let cm(G) be the number of subgroups of G with index m and which
are closed in L(G) with respect to the action of G on {1, . . . ,n}. Then cm(G)m4 for each m ∈ N.
Proof. As we have observed in the previous section, the closed subgroups of G are precisely the
conjugates of (Sym(x1) × · · · × Sym(xr)) ∩ G with x1 + · · · + xr = n and r = n − 1 if G = Alt(n). Except
in the case r = n and G = Alt(n), such a subgroup has index
m = n!
x1!x2! · · · xr ! .
We need to count the number of possible choices for x1, . . . , xr giving the same index m. We consider




















We know that the number of ordered factorizations of m is at most m2 (see [3]). Fix a factorization
m = β1β2 · · ·βr−1. Each factor βi is a binomial coeﬃcient, and given yi = n − x1 − · · · − xi−1, there




, for any i ∈ {1, . . . , r − 1}; hence there are at most
2r−1  m possibilities for x1, . . . , xr corresponding to the given factorization. So there are at most
m3 choices of x1, . . . , xr giving the same m. Hence there are at most m3 conjugacy classes of closed
subgroups with index m. Each of these subgroups has at most m conjugates, so cm(G)m4. 
We can now complete our proof.




μ(T ,G)g(H, T )
with S(H) = {T  G | T transitive, T  H}. If μ(H,G) = 0, then there exists T ∈ S(H) with
μ(T ,G)g(H, T ) = 0 and this implies that H = T ∩ C , with T transitive with non-zero Möbius number
and C closed in G . By Lemma 2.2 and 2.3, there are at most mη+1 transitive subgroups with non-zero
Möbius number and index dividing m and at most m5 closed subgroups of G with index dividing m;
hence bm(G)mη+6. 
3. Proof of Theorem 2
Lemma 3.1. Let G ∈ {Alt(n),Sym(n)}. There exists a constant ν such that
∣∣μ(T ,G)∣∣ |G : T |ν
for each transitive subgroup T of G.




∣∣μ(R,G)∣∣∣∣g(T , R)∣∣ (∗)
with S(T ) = {R  G | R transitive on n, R  T }. Let t  n − 1 be the number of orbits of T on n .
We distinguish two cases.
(a) Let S(T ) ⊆ {Alt(n),Sym(n)}. Obviously, if soc T = Alt(n), then |μ(T ,G)| = 1 |G : T |. Otherwise,
using Theorem 1.5 and Lemma 1.11, we obtain
∣∣μ(T ,G)∣∣ ∣∣g(T ,Alt(n))∣∣+ ∣∣g(T ,Sym(n))∣∣ (t!)2  4 · |G : T |2.
(b) Let S(T )  {Alt(n),Sym(n)}. In this case there exists R ∈ S(T ) such that Alt(n)  R . This
subgroup R is 2-transitive and consequently primitive on {1, . . . ,n}, so by Lemma 1.7, |G : T |2 
|G : R|2  n! for n large enough. Hence our aim becomes to bound |μ(T ,G)| with a polynomial func-
tion of n!.
By t  n − 1 and by Theorem 1.5, we get |g(T , R)| (t!)2/2 (n!)2/2 for any R = T . From (∗), it
follows that
∣∣μ(T ,G)∣∣ (n!)2 · ∑
R∈S(T )
∣∣μ(R,G)∣∣.
As we noticed in the proof of Lemma 2.1, there exists b such that the number of 2-transitive sub-
groups of G is at most (n!)b . In particular |S(T )| (n!)b . Moreover, by Theorem 1.6, |μ(R,G)| 1 for
each R ∈ S(T ). We can conclude
∣∣μ(T ,G)∣∣ (n!)2 · (n!)b
for any large enough n. 
Now we are able to prove the theorem.
Proof of Theorem 2. We are assuming that G ∈ {Alt(n),Sym(n)} and we want to prove the exis-
tence of β ∈ N, independent from the choice of n, such that |μ(H,G)| |G : H|β for each H  G. By
Lemma 1.4, we have
∣∣μ(H,G)∣∣ ∑
T∈S(H)
∣∣μ(T ,G)∣∣ · ∣∣g(H, T )∣∣ (∗∗)
with S(H) the set of transitive subgroups of G containing H .
Let σ = {Ω1, . . . ,Ωr} be the set of orbits of H on {1, . . . ,n}. Choose an element xi ∈ Ωi for each
1  i  r and deﬁne X := {x1, . . . , xr}. Since Alt(X) ∩ H = 1, we have |G : H|  r!/2. Moreover, by
Theorem 1.5, |g(H, T )| (r!)2/2 for any T = H and T ∈ S(H). Hence, for any T ∈ S(H), we have
∣∣g(H, T )∣∣ 2 · |G : H|2.
From (∗∗), it follows that
∣∣μ(H,G)∣∣ 2 · |G : H|2 · ∑
T∈S(H)
∣∣μ(T ,G)∣∣.
2474 V. Colombo, A. Lucchini / Journal of Algebra 324 (2010) 2464–2474By Lemma 3.1 there exists ν such that
∣∣μ(T ,G)∣∣ |G : T |ν  |G : H|ν for each T ∈ S(H).
It remains to give an estimate of the number s of subgroups T ∈ S(H) with μ(T ,G) = 0. Notice that




tm(G) |G : H|η+1.
We may conclude that |μ(H,G)| 2 · |G : H|2 · |G : H|ν · |G : H|η+1. 
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